Probing superconducting phase fluctuations from the current noise spectrum of 
pseudogaped metal-superconductor tunnel junctions 
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We study the current noise spectra of a tunnel junction of a metal with strong pairing phase 
fluctuation and a superconductor. It is shown that there is a characteristic peak in the noise spectrum 
at the intrinsic Josephson frequency u)j = 2eV when u}j is smaller than the pairing gap but larger 
than the pairing scattering rate. In the presence of an AC voltage, the tunnelling current noise 
shows a series of characteristic peaks with increasing DC voltage. Experimental observation of these 
peaks will give direct evidence of the pair fluctuation in the normal state of high-Tc superconductors 
and from the half width of the peaks the pair decay rate can be estimated. 



Direct measurements of the pair susceptibility in the 
normal state of a superconductor are important for un- 
derstanding the pseudogap phenomenon in high- Tc su- 
perconductors. For conventional superconductors, the 
pairing fluctuation exists only in a very narrow tempera- 
ture range above T^. However, in the underdoped high- Tc 
materials, it is believed that the pair fluctuation is im- 
portant in a substantial temperature range in the normal 
state ^ . This fluctuation is also important in supercon- 
ductor thin films, where long ranged phase coherence is 
strongly suppressed The pseudogap effect was often 
interpreted as a precursor to the high- Tc superconductiv- 
ity. It was observed in many different experiments . 
However, what was really found in experiments is the re- 
duction of the low-lying density of states associated with 
the opening of an energy gap, which may or may not be 
a pairing gap, and a direct observation of the pair phase 
fluctuation is still absent. 

The pair susceptibility in the normal state of a under- 
doped cuprate can be measured from the linear response 
of the system to an external pair field, like the measure- 
ment of the magnetic susceptibility. Such an external 
pair field can be introduced, for example, by coupling 
this underdoped cuprate to an optimally doped cuprate 
with a higher superconducting transition temperature 
via a tunnelling junction. When the temperature lies 
between the superconducting transition temperatures of 
these two materials, the tunnelling process will undoubt- 
edly be strongly affected by the pair fiuctuation in the 
normal side [0 . 

The Josephson effect occurs when both sides of the 
junction are in the superconducting state. A DC volt- 
age across the junction leads to an oscillating Josephson 
current at frequency wj = 2eV , where V is the applied 
voltage. If one side of the junction is not in the supercon- 
ducting phase, the Josephson current is zero on average. 
However, the Josephson effect does not disappear com- 
pletely. It manifests in the current noise spectrum and, as 



will be shown later, the current noise is greatly enhanced 
at the Josephson frequency ujj if the pairing fluctuation 
is strong. 

In this paper, we present a theoretical analysis of the 
tunnelling current noise spectrum of the pseudogaped 
metal-superconductor junction as discussed above. We 
assume that the pairing on both sides of the junction has 
dj.2_j^2-wave symmetry. The extension to other pairing 
symmetry cases is straightforward. The main results we 
obtained are: (1) With an applied DC voltage, there is 
a characteristic Josephson peak in the noise spectrum at 
the intrinsic Josephson frequency uoj, although the coher- 
ent Josephson current is zero. (2) When an AC voltage 
Vs cos {ijjst) is applied in addition to the DC voltage, there 
are a series of characteristic peaks in the zero frequency 
noise centred at ojj = nujs (n an integer) with increasing 
ujj. (3) the half width of the peak is proportional to the 
pair decay rate F of the system, but the peak intensity 
drops very quickly with increasing F. 

The Hamiltonian of the junction we study is defined 
hy H = Hs + Hn + Ht with 

Hs Epd+^dpa + ^ {Aippdp^d-pi + h.c.) , (1) 

pa p 

Hn ='^£kct„Cka + [*(g,i)C-fe+q/2,TCfe+g/2,i + h.c] 

ka kq 

+ E^pai.(9'^' (2) 



HT = J2v,pe'f>''^ 



cos(a;s t' )dt' jt -j- 



(3) 



kp<T 



where Lpp — cospx — coapy and '^{x, t) — A„ exp [i(l){x, t)] 
is the pairing field of the normal lead. Hs is the Hamil- 
tonian for a d-wave superconductor. Hn is the effective 



Hamiltonian of a metal with pairing fiuctuations ^0 12 
and Xpair is the pair propagator (or pair susceptibility) 
in the normal state. In Ht, Vkp is the tunnelling matrix 
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and can be expanded with the crystal harmonics • 
To the second order approximation, it is given by 

\Vpk\^ = V;^ + V^iPk^p. (4) 

The constant term in |V^fep has contribution to the sin- 
gle particle tunnelling current, but no contribution to the 
pair tunnelling current because of the d -wave pairing 
symmetry. The integration resulted from the applied AC 
voltage on the exponent in Ht is difRcult to handle an- 
alytically. In practical calculations, it is often expanded 
as a sum of a serial of oscillating terms with the Bessel 
function: 

e* /o' "^^^ cos{uj^,t')dt' _ J f^^j ^inuist 

where J„(a;) is the n'th order Bessel function [T3| . 

Let us first consider phenomenologically the effect of 
pairing phase fluctuation on the current noise. We as- 
sume that the phase fluctuation follows a diffusion pro- 
cess and the spatial correlation length is very short. In 
this case, the correlation function of the phase field is 
given by 

^g,0(.,t)g-»0(.',o)^ ^ e-r|*l/2^(x - x'), (5) 

where T is the pair fluctuation rate. From this equation, 
it can be shown that 

Xpah.(9,cc') = l/(^c^ + ^/2). (6) 

The current noise spectrum measures the current fluc- 
tuation in the junction. It is deflned by the symmetrized 
current-current function: 

S{lo) ^ J dte^-' ({/(t) - m) , m - (/(O))}) , (7) 

where I{t) is the current across the junction and 
{A, B) EE AB + BA. In the case only a DC voltage is 
applied, the above tunnelling Hamiltonian can be treated 
semi-classically and the current-current correlation func- 
tion contributed from the pair tunnelling is simply given 
by the thermal average of the phase flelds: 

(/(t)/(0)) - j dxdx' {su\[(j){x,t) + LOjt]sa\(l){x\Q)) 

- cos (cojt) 6-^1*1/2 (8) 

Substituting this equation into (|7|), we then obtain the 
noise spectrum contributed from the pair tunnelling 

r r 

This result indicates that the Josephson current cross the 
junction is coherent if the tunnelling time is much shorter 
than the fluctuation time r ~ of virtual cooper pairs. 



In the limit F ^ 0, S{lS) becomes two delta- functions 
centred at iwj. For flnite F, these two delta-functions 
are broadened and the half width of the broadened peak 
is proportional to F. 

Eq. (||) is similar as the result obtained by Mar- 
tin and Balatsky very recently |jll[. However, as both 
sides of the junction in the experimental setup they sug- 
gested are in the normal state, the total pair decay rate 
is larger than the case discussed here. Since the inten- 
sity of the peak compared with the average noise drops 
sharply with increasing F (Figure 2), it may be difflcult to 
observe the characteristic Josephson fluctuation in flnite 
frequency conductance measurement suggested in their 
paper. While in our paper, to determine the pair decay 
rate only the zero frequency noise is required which is 
easier to measure. 

In a s-wave pairing system, since no quasiparticle ex- 
citations exist within the energy gap, the single particle 
tunnelling can be ignored when the noise frequency is 
lower than the gap. For the d-wave pairing case, the 
contribution of the single particle tunnelling cannot be 
ignored because of the existence of gap nodes. To flnd 
out the contribution from both the quasiparticle and pair 
tunnelling to the noise, we perform a microscopic cal- 
culation the current-current correlation function using 
the closed time Green's function technique ||l^,|l^. The 
tunnelling Hamiltonian Ht is treated as a perturbation. 
Since the normal Josephson effect is absent in the junc- 
tion, the second order contribution of Ht contains only 
the quasiparticle tunnelling terms. However, the noise 
caused by the quasiparticle tunnelling varies very slowly 
with frequency. When the noise frequency is smaller than 
A, it adds only a featureless background to the noise 
spectra. 

The most important contribution of Ht to the noise 
is from the fourth order perturbation, in particular from 
the virtual pair tunnelling process. When the pairing 
fluctuation in the normal state is strong, a Cooper pair 
can tunnel from the superconductor to the normal lead 
and contributes a signiflcant term to the noise at low 
frequencies. Figure 1 shows the Feymann diagram for 
this pair tunnelling term in the current-current correla- 
tion function. The solid line is the Green's function of 
electrons. The dashed line is the propagator of the pair 
field in the normal state. 
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FIG. 1. The Feymann diagram for the pair tunnelhng term, 
where the solid hne represents the electronic Green's function 
and the dashed line represents the pairing fluctuation. 

To the leading order approximation in both the quasi- 
particle and pair tunnelling channels, we find that the 



noise spectra is given by 

Siuj) « Nqiiu) + Np{u;) + Ng{-uj) + Np{-uj), (10) 

where Nq and Np are respectively the contributions from 
the quasiparticle and pair tunnelling: 



Np{L0) 



{v)[nf{v) -nf{v + J^)] coth 



2 ' 



(11) 



r2/4 



coth ■ 



(12) 



In the above equations, x — cVs/lOsi ^'n = uj+LOj+nujg, 
uj'^=uj + eV + nujs, C = - ^V^/ (4 + A^p), Ps is 
the density of states of the superconductor in the normal 
state, and Pn{i^) is the density of states of the normal 
lead. In Eq. 

(t)i{v,q) = 7r^(/3^ (1 - Uk - n-k+q)S{v ~ £k ~ £-k+q), 



V t'-Sk- e-k+q 



eters used are A„ = A, T = 0.2A, Vq = 2Vi = 2A, 
and Ps = 1/lOA. The band width of the normal lead is 
assumed to be lOA. From the figure, it is clear that if 
the fiuctuation rate F is sufficiently small, the noise peak 
centred at = icjj is very sharp. The half width of the 
peak is determined by F. When loj ^ F, the thermally 
excited pair tunnelling current will oscillate a few times 
before it loses the phase coherence. But with increasing 
F, the noise peak at uij becomes broadened and vanishes 
eventually. 



and Uk = 1/(1 + e^'^'') is the Fermi-Dirac function 




FIG. 2. The normalised current noise spectrum as a func- 
tion of the noise frequency for three different F. uij = 0.4A. 

Figure 2 shows S(io) normalised by S'(O) as a function 
of w for the case ujj = 0.4A and Ug = 0. The param- 
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FIG. 3. The normalised current noise spectrum at zero 
noise frequency as a function of the intrinsic Josephson fre- 
quency ujj = 2eV for three different F. Us — 0.4A. 

In the presence of both DC and AC voltages, the pair 
tunnelling is enhanced at the frequency lu = loj+tuVs and 
the noise spectrum shows a serial of local maxima at these 



3 



frequencies. If the applied microwave frequency and the 
Josephson frequency satisfy the condition ojj + = 0, 
a local maximum will appear at the zero frequency. Fig- 
ure 3 shows the zero frquency normalised current noise 
spectrum as a function of wj for the case lOs — 0.4A (the 
other parameters are the same as in Figure 2). There 
are a series of peaks for F = 0.2 A. When F is increased, 
these peaks becomes broader and weaker. 

The above results indicate that the pair fluctuation in 
the normal lead has strong effects on the noise spectrum 
of the tunnelling current. The broadened peaks at the 
characteristic frequencies in the noise spectrum shown in 
Figures 2 and 3 are unique to the normal-superconductor 
junction with strong pair fluctuations. Experimentally, 
it is not easy to measure the finite frequency noise, but 
when the AC voltage is applied we only need to measure 
the zero frequency noise which is quite easy to do. Thus 
experimental measurements of the current noise allow us 
to judge how strong the pairing fluctuation is in the pseu- 
dogap phase. This is apparently important for a direct 
test of the superconducting precursor scenario. 

In summary, we have shown that the noise spectrum of 
the tunnelling current between a underdoped cuprate in 
the normal state and an optimally doped cuprate in the 
superconducting state is a useful probe of the pairing fluc- 
tuation in the pseudogap phase. We have calculated the 
noise spectrum using the closed path Green's functions 
and found that the current noise is strongly enhanced at 
a series of characteristic frequencies determined by the 
Josephson pair tunnelling processes. Notice that the sys- 
tem is nonequilibrium when the DC voltage is applied, 
it is proper to use the closed time green's function tech- 
nique. Experimental observations of the noise peaks at 
these characteristic frequencies will help us to establish 
the correct picture of the pair fluctuation in the pseudo- 
gap phase of high-Tc cuprates. 
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